Stabilizing moduli with thermal matter and nonperturbative effects 
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Even with recent progress, it is still very much an open question to understand how all com- 
pactification moduli are stabilized, since there are several mechanisms. For example, it is possible 
to generate a scalar potential either classically or through nonperturbative effects, such as gaugino 
condensation. Such a potential can stabilize certain of the moduli fields, for example the dilaton. 
On the other hand, a background of thermal matter with moduli-dependent masses can also sta- 
bilize certain of the moduli, e.g., the radion. It is important to understand whether these two 
distinct mechanisms are compatible with each other, that is, that there are no interference terms 
that could spoil the moduli stabilization. In this paper, we study heterotic string theory on an 
TV = 1 orbifold near an enhanced symmetry point. We then consider both a nonperturbatively 
generated potential and a gas of strings with moduli-dependent masses to stabilize the dilaton and 
radial modulus, respectively. We conclude that, given certain approximations, these two moduli 
stabilization mechanisms are compatible. 

PACS numbers: 11.25. Wx,98.80.Cq 
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I. INTRODUCTION 

One of the outstanding challenges in connecting string 
theory to cosmology is to stabilize the many moduli fields 
predicted by string theory which are not observed in our 
low energy world. These moduli fields include the volume 
and shape moduli of the compact internal space, and the 
axion-dilaton multiplet. 

In the context of low energy supergravity limits of su- 
perstring theory, there has over the past years been a 
large body of work devoted to stabilizing these mod- 
uli fields. The most popular approach is to introduce 
fluxes about the compact spaces to stabilize the shape 
( "complex structure" ) moduli p], 0] and to invoke non- 
perturbative effects such as gluino condensation to sta- 
bilize the volume ("Kahler") moduli @ (see, e.g., 0, Q 
for pedagogical overviews of moduli stabilization in flux 
compactification scenarios). While these techniques are 
well-understood in type II string theory, the situation in 
heterotic string theory is more murky, largely because 
the analogue of supergravity flux in the heterotic theory 
is a deformation of the geometry away from Calabi-Yau 
manifolds 0,0, Indeed, it is possible to fix all the 
moduli in type II compactifications by deforming the ge- 
ometry and turning on general fluxes, but this approach 
is not yet fully understood. 

An alternative approach to moduli stabilization arises 
in string gas cosmology (for overviews see, e.g., 
(Til [l2l Il3l . [T4I and for some criticisms of the original 
scenario see jl5l. [Trj \vA HH). String gas cosmology is 
based on coupling a gas of strings to a cosmological back- 
ground in the same way that Standard Cosmology arises 



from coupling a gas of point particles to a background 
described by Einstein gravity. At late times, the back- 
ground for string gas cosmology can be taken to be dila- 
ton gravity (lfl I^Q]. 1 

In the context of string gas cosmology based on het- 
erotic string theory there is a geometric and specifically 
stringy mechanism which stabilized both the volume 
moduli pi IH H, SIM and also the shape 

moduli 35 1 (see also [36(). However, this mechanism is 
unable to fix the dilaton modulus 133 (for att emp ts to 
stabilize the dilaton see, e.g., [H, [H SO, EH El El)- 
The key point is that there are states, in our case con- 
taining both momenta and windings, which are massless 
at certain enhanced symmetry points in moduli space 
[30I E3 • The winding provides a force counteracting ex- 
pansion, while the momenta yield a force opposing the 
contraction. Together, this yields an effective potential 
for the radion with a minimum at a finite radius. Since 
the states are massless at this radius, the magnitude of 
the potential vanishes at the enhanced symmetry point, 
leading to radion stabilization. The existence of pertur- 
bative states that become massless at special values of 
the compactification radius is a special feature of het- 
erotic string theory not shared by Type II theories (more 
elaborate constructions are necessary; for some examples, 
see EiElEl). 

In this paper, we consider a combination of these two 
mechanisms in a toy model based on a compactification 
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1 However, the dilaton gravity background is inadequate to de- 
scribe the early Hagedorn phase of a string gas [211 |2'J . In 
particular, the recently proposed string gas structure formation 
scenario [23, 24] , according to which thermal fluctuations of the 
string gas in the Hagedorn phase lead to an approximately scale- 
invariant spectrum of cosmological perturbations with a slight 
blue tilt I2: r l to the spectrum of gravity waves, requires a back- 
ground which goes beyond dilaton gravity. For attempts to con- 
struct such a background see, e.g., |2(I . 
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of the heterotic string. Specifically, we will consider het- 
erotic string theory on a T 6 /Zs orbifold, a textbook ex- 
ample of M = 1 string compactifications. We will make 
use of the non-perturbative mechanism of gaugino con- 
densation [H, El, [Ho|, [EH, [H [H3] to stabilize the dila- 
ton and Kaluza-Klein momentum-winding states that be- 
come massless at an enhanced symmetry point to sta- 
bilize the radion. The key question to address in this 
context is whether this dilaton stabilization mechanism 
is compatible with radion stabilization. Our preliminary 
results, based on some simplifying approximations, are 
that the answer to this question is positive. 

In the following section we will review the construc- 
tion of this orbifold and discuss the spectrum of massless 
states of the model. In Section III we construct the po- 
tential for the radion/dilaton system which results from 
gaugino condensation. Taken by itself, the resulting po- 
tential can easily stabilize the dilaton. In Section IV we 
review the effective potential for the radion which results 
from a gas of massless string states. This potential rather 
trivially stabilizes the string frame radion. In Section V 
we then combine both potentials and demonstrate that 
both the radion and the dilaton are stabilized. We con- 
clude with a discussion of the stability of the enhanced 
symmetry states, and give some general conclusions. 

II. HETEROTIC ON T 6 /Z 3 

The T 6 /Z3 orbifold is one of the longest-studied com- 
pactifications of string theory dating to the earliest days 
of the heterotic string 0, HH, [H, [57[ , and it is in fact a 
textbook example of N = 1 string compactifications [H| . 
In this section, we review the construction of the orbifold. 
Then we describe the light degrees of freedom living on 
the orbifold near an enhanced symmetry point, includ- 
ing the moduli space. We also discuss the assumptions 
we make to simplify our calculations. We give a detailed 
derivation of the spectrum of light strings on the orbifold 
in the appendix. 

A brief remark on notation: we take Greek indices 
(i, v to represent the external (large) spacetime dimen- 
sions, Roman indices m, n to represent all the inter- 
nal dimensions, and i,j (i, J) to represent just the 
(anti)holomorphic internal dimensions. In this section, 
we work in the 10D string frame when describing the 
orbifold construction and the spectrum except in formula 
(fTTjk the Kahler potentials and kinetic actions given in 
subsection III Bl are for the 4D Einstein frame, as usual, 
with the 4D moduli defined in terms of the 10D string 
frame variables. 



A. Construction of the orbifold 

We begin with a six-torus with moduli chosen so that 
it factorizes into three two-tori, T 6 = T 2 x T 2 xT 2 . We 
make this choice not only to allow the orbifold projection 



but also for clarity of presentation; we will later discuss 
the moduli space on the orbifold. With this factorization, 
we can choose to coordinatize the T 6 with one complex 
coordinate Z l for each T 2 , and we take the coordinate 
periodicities to be the same on each torus: 

Z~Z + 2nVrt, Z~Z + 2naVrt, a = e 2m/3 . (1) 

In addition, we consider identical metrics on the T 2 s, 

ds 2 T2 = b 2 \dZ\ 2 . (2) 

Here, b is the scale factor of the metric, which controls 
the physical radius of the T 2 . Unlike other moduli, we 
will allow this modulus to vary, as it illustrates the depen- 
dence of the string spectrum on the moduli in a simple 
manner. Considering identical metrics on the three dif- 
ferent tori is reasonable since, as shown in [5^ |. string 
gases lead to an isotropization of an initially anisotropic 
space. 

We can now quotient the T 6 by a Z3 symmetry, which 
acts on the three complex coordinates as 

Z 1 ~ aZ 1 , Z 2 ~aZ 2 1 Z 3 ~ a~ 2 Z 3 . (3) 

The resulting orbifold has SU (3) holonomy and preserves 
Af = 1 supersymmetry [54], [551 . |56| . The geometric struc- 
ture of this orbifold, including identifications and the unit 
cell, are shown in figure [TJ 

We also need to specify the action of the Z3 group 
on the gauge degrees of freedom of the heterotic theory; 
for simplicity, we take trivial Wilson lines for the gauge 
fields (that is, we set the constant part of the gauge fields 
to zero, A m = 0) and embed the spin connection in the 
gauge connection (that is, we choose a Z3 subgroup of the 
gauge theory and project onto states invariant under the 
diagonal combination of both the gauge and geometrical 
Z3S). This is the simplest possible model, as is illus- 
trated in [58| . (It is possible to design models with more 
realistic spectra by taking nontrivial Wilson lines Jsjj.) 
Quotienting out by this gauge group factor breaks the 
10D gauge theory. For example, in the Eg x Eg string, 
we are left with an unbroken 5/7(3) x Eq x Eg, and the 
Standard Model is taken to live within the Eq factor. 

B. Light degrees of freedom 

We will now describe the light degrees of freedom vis- 
ible near a particular enhanced symmetry point of the 
orbifold moduli space. We start by describing the mod- 
uli space itself. For a detailed description of which states 
survive the orbifold projection, see the appendix. 

The moduli space of the orbifold contains fields from 
both the untwisted and twisted sectors; however, for rea- 
sons we will explain below, we will set all the twisted sec- 
tor moduli to zero for the remainder of this paper. The 
remaining moduli space, with only untwisted modes, was 
first described by [5?} as a product of coset spaces 

SU(IA) £7(3,3 + 81) 
U(l) X 17(3) x f/(3 + 81) ' 1 ' 
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FIG. 1: The unit cell of a single T 2 /Z 3 factor of the T 6 /Z 3 
orbifold. Circular dots are the lattice points of the torus and 
square dots are the additional fixed points of the orbifold. 
The unshaded parallelogram is the unit cell of the torus, and 
the shaded region is the unit cell of the orbifold. Cross-lines 
indicate that these boundaries are glued together in the orb- 
ifold. 



where 81 is a number of scalars from the gauge theory of 
the heterotic compactification. 

The 517(1, 1)/U(1) factor describes the dilaton $ and 
universal axion a of the 4D effective theory. This axion 
is the 4D Hodge dual of the external 2-form -B M „, da = 
■kdB, and the 4D dilaton is $ = 20 - 6 In b in 10D string 
frame variables. Working in the 4D Einstein frame, these 
moduli form a complex scalar 5 with Kahler potential 



/C(5) = - ln(5 + 5) , 5 



(5) 



Although we will not need it, we give here for reference 
the kinetic action 



1 



(5 + 5) 2 M 



duSWS 



S = -Mf, J d 4 xV^9E- { 

= f &Xy/=gi {d^d^ + e^d^a) . (6) 



The other coset factor includes the internal metric and 
2-form as well as the internal gauge fields Ai and A^. 
As the gauge degrees of freedom are not important to 
our analysis (and have some constraints due to having 
a nontrivial superpotential), we will assume that they 
vanish, as well. We are now left with a £7(3, 3)/Z7(3) x 
17(3) coset to describe the moduli = g^ 
have Kahler potential 



Bij. These 



K{T) 
and kinetic action 



lndet (Tij + Tij) 



(7) 



5 



Ml 



4 



(8) 



The 2-form has the wrong-sign kinetic term because it 
is antihermitean. (For an example of this coset moduli 



space in flux compactifications of the type IIB string, see 
&) 

For simplicity, we will now assume that g^ and are 
diagonal, so the T 6 /Z3 factorizes into three T 2 factors. 
We further assume that the moduli are the idential for 
each T 2 factor. In other words, 



2^ 



B, 



(9) 



(As we write it here, T = b 2 + i/3 is most conveniently 
described in terms of the 10D string frame variables.) 
Note that the complex structure (shape) moduli of the T 2 
factors, which correspond to metric components gij , g^j, 
have already been removed by the orbifold projection. 
The Kahler potential now becomes 



tC(T) = -31n(T + T) 



(10) 



(up to an irrelevant constant). 

Next we consider the moduli space with the twisted 
sectors included. When some of the twisted sector mod- 
uli have nonzero expectation values, others become mas- 
sive, and the orbifold fixed points "blow up" into smooth 
spaces. Considering the total compactification, J\f = 1 
supersymmctric orbifolds are deformed by their twisted 
sector moduli into Calabi-Yau manifolds [62, 63], and the 
moduli space loses the coset space form of (UJ). As a re- 
sult, with nonvanishing twisted sector moduli, we would 
lose the ability to describe the string spectrum explicitly, 
so we choose to study an ansatz with the twisted sector 
set to zero. However, since the twisted sectors deform 
the orbifold into a non-flat space, the states (|A14IA15|) 
below, which become massless at the orbifold enhanced 
symmetry point, should also gain a mass from the twisted 
sector moduli, in which case they can stabilize the twisted 
sectors as well as the radius. In addition, as we mention 
below (j 13|) , gaugino condensation can also stabilize com- 
plex structure moduli, which provides additional support 
for this ansatz. Finally, we also do not expect our results 
to change much with the inclusion of the twisted sector 
moduli because they are complex structure moduli and 
couple to the Kahler moduli only in the potential. We 
do not consider this problem further in this paper. 

Finally, let us give a few words about the Kaluza- 
Klein (KK) momentum and winding states of the orb- 
ifold, which are described in the appendix. As the orb- 
ifold approaches the point T = 1 -M/V3 in moduli space, 
there are a number of string states that become mass- 
less. In particular, there are 6 new massless vectors (de- 
scribing a U(l) 6 gauge factor), 18 complex scalars, and 
their supersymmetric partners. From the perspective of 
the 10D string theory, though, these are all just strings 
with single units of KK winding and momentum. If we 
hold (3 fixed and let b = 1 + 6b, these states gain a mass 
m 2 45b 2 /a', which is just the same as the states con- 
sidered in [29( | . Therefore, we may use the string gas 
energy-momentum tensor derived in [29J to describe the 
gas of these momentum/ winding strings very close to the 
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enhanced symmetry point. We do work in the 10D Ein- 
stein frame, however, so we need to take b — > e^^ 4 b. As 
discussed in the appendix, we find 



rn 



We will use this version from now on. 



(11) 



III. GAUGINO CONDENSATION AND 
MODULI STABILIZATION 

It was recognized in the early 1980s that a nonzero 
expectation value for a fermion bilinear would break su- 
persymmetry in supergravity theories 48j . Shortly there- 
after, [49|, Ho, [EH, [HJ proved that such expectation val- 
ues do form in SU(N) and SO(N) gauge theories with 
sufficiently few matter fields. It is extremely natural to 
extend these results to J\f = 1 compactifications of string 
theory [53| . and the supersymmetry breaking also leads 
to a potential for the compactification moduli. 

In this section, we will review the relevant physics of 
gaugino condensation in supersymmetric field theories, 
as well as explain how it plays a role in the stabilization 
of moduli in string compactifications. Once we have laid 
out the background, we will derive the potential for the 
moduli in our simplified ansatz. In this section, we work 
in the 4D Einstein frame until stated otherwise. 



A. The nonperturbative superpotential 

One of the most basic facts about supersymmetric 
gauge theories is that the gauge bosons have fermion su- 
perpartners, and these gaugini can be combined into a 
gauge and Lorentz invariant bilinear. As [H, [5(1 [EH [EH 
showed, these bilinears quantum mechanically develop 
nonzero expectation values, sometimes through physics 
as calculable as instanton effects (under some conditions 
on other fields present in the theory); this expectation 
value is known as the gaugino condensate. 

The important feature of gaugino condensation is that 
it induces a correction to the superpotential W of the 
theory, which is exponentially suppressed by the gauge 
coupling g: 



W ->■ W - Ae- 1/a2 



(12) 



(the sign is chosen for later convenience). More precisely, 
the 9 angle of the gauge theory should be included, which 
takes 1/g 2 -> 1/g 2 + i6/2TT in fT2"]). This combination 
of coupling and 9 angle is known as the gauge kinetic 
function; in supergravity constructions, including M = 1 
string theory compactifications, the gauge kinetic func- 
tion is given precisely by the modulus S defined by 

In a Calabi-Yau compactification of the heterotic string 
(which, broadly defined, includes our orbifold as a spe- 
cial point in moduli space), the tree-level superpotential 



is given by the field strength H [53[, which gets con- 
tributions from the derivative of B mn and from gauge 
theory Wilson lines (which could, for example, break the 
Eq gauge group to the Standard Model or some other 
grand unified group or alternately break the Eg factor to 
a smaller group) (for an analysis of Wilson lines in this 
context, see [64]). The key feature of this superpoten- 
tial, which we will call Wh, is its independence of the 
volume modulus T (for the moment, we ignore the com- 
plex structure moduli). Following the logic of [53|, the 
gaugino condensate and H-fiux should cancel each other's 
effects on the compactification, which leaves a nonzero 
value for the superpotential in the ground state and also 
breaks supersymmetry. Compactifications with gaugino 
condensation and iJ-flux on non- Calabi-Yau manifolds 
were studied in [El, [El, [E3| • 

We now have a total superpotential 



W = W H - A'e" aoS = Af| (C - At 



-a S\ 



(13) 



with oo, A, C some constants. At first glance, and as we 
review below, it seems that this superpotential can stabi- 
lize the dilaton modulus S but not the volume modulus 
T. While it is not obvious from our discussion, this super- 
potential can also stabilize the complex structure moduli 
of a Calabi-Yau manifold, due to the requirement that 
the gaugino condensate and if-flux align in the extra di- 
mensions [53| . This fact provides some justification for 
our assumption that the twisted sector moduli vanish; we 
are in effect assuming that the gaugino condensate has 
already stabilized these moduli. 

One last comment before we move to the potential: 
the gaugino condensate and -ff-flux are new ingredients 
to the string compactification and can potentially affect 
the spectrum of the compactification (for example, the 
superpotential (|13p will give a mass to the dilaton) . It is 
certainly possible (or even likely) that these nonpertur- 
bative ingredients give the special momentum/ winding 
states we consider a small mass. Nonetheless, we expect 
that the minimal mass is still near the original enhanced 
symmetry point, so moduli stabilization should still oc- 
cur. We further believe that the correction to the mass 
formulae (jlip should be small, since they are due to non- 
perturbative effects. A related issue is that we do not 
have the means to study interactions between the gaug- 
ino condensate and momentum/ winding strings from the 
10D pers pec tive (fo r a few beginning steps in this direc- 
tion, see (67l.l68l.l69l]). A complete answer to these ques- 
tions must wait for a detailed study of the 4D effective 
field theory, which we leave for future work. 



B. Complete potential 

In the 4D Einstein frame, the scalar potential is given 
in terms of the superpotential and Kahler potential by 
the well-known formula 



1 



AB 



D A WD B W -2>\W\ 



(14) 
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where A, B run over all moduli and the Kahler covariant 
derivatives are given by 



D A W = d A W + {d A K)W . 



(15) 



Because the superpotential is independent of the volume 
modulus T, (fT4| simplifies to 



(16) 



v = -^72 e K K ab D a WD- b W , 

IVl p 



where a, b now run over S (and the complex structure 
moduli, if we wish to consider them). In fact, if we allow 
more general moduli Tjj, all of them drop out, leaving 
the same formula (fTtj)) . 

We can immediately make a few important statements 
about the potential based on the so-called "no-scale" 
structure of (fTtj|) . First is that V is the sum of squares, 
so it is minimized precisely when each term (in our case, 
there will be only one term) vanishes. This means that 
the cosmological constant from this potential will vanish. 
Additionally, V depends on the T modulus only through 
the overall factor of e , so T is not stabilized classically 
in this potential. (See [64j for a discussion of quantum 
mechanical corrections and their effects on T.) We will be 
interested in using string matter to stabilize T, however, 
so we will not consider loop effects. 

In our case, after we apply all the simplifications to the 
moduli space, we get 



V 



M 4 
~1 



?e 2 *+^Ce* (ao + -l-e* | < 



(17) 



For our purposes, it is sufficient to expand around a min- 
imum in so we can approximate the potential as 



V = Mk b -e 
4 



e *°a 2 A 2 



a --e 



'I'o 



-2aoe 



X e — e 



(18) 



Finally, we will be working in the 10D Einstein frame, 
so we need to lift this potential to that frame. In the 10D 
Einstein frame, the metric is 



ds 2 — b E e g^ v dx^ dx v + b 2 E g mn dx m dx T ' 



(19) 



with 4D Einstein frame metric g? v and a fixed fiducial 
metric g mn on the compact space. The Planck mass is 
therefore given by Alp = Mf V in terms of the 10D 
Planck mass and the fiducial volume of the compacti- 
fication. Furthermore, the potential term in the action 



which implies 



V 



b%V E 
V 



(21) 



Using the relation of the 4D to 10D dilaton and the rela- 
tion of the string and Einstein frame scale factors b, we 
find 



V(M) 



M le V 



a A- \a - -e 



•I'D 



2 e"* ( 



(22) 



We have now written the scale factor in the 10D Einstein 
frame. Also, we have written the potential so that the 
entire first line is just an overall constant. 



IV. MODULI STABILIZATION BY MATTER 

In this section we review how for fixed dilaton a gas of 
massless string states leads to radion stablization. By 
massless strings we mean string states which become 
massless at a special value of the radion. We will fol- 
low the discussion in Section 3 of [29| . 

Assuming homogeneity and isotropy of our three spa- 
tial dimensions, the metric of our ten-dimensional space- 
time can be written as 



ds 2 = -dt 2 + a(t) 2 dx 2 + Ktf\dZi 



(23) 



where a(t) is the scale factor of our three dimensions, and 
b(t) is the scale factor of the internal space. To simplify 
the analysis, we set the scale factors of all three internal 
two-tori equal. 

The total action of our system is given by the action 
of dilaton gravity coupled to a gas of string states. More 
specifically, the action is 



S = - (S„ + Sa,) + Ssg ■ 

K 



(24) 



the first term standing for the usual Einstein action, the 
second term denoting the dilaton action and the third 
the action of the string gas. In the above, 



16ttG = 2/M 



(25) 



is given by the 10-dimensional gravitational constant G 
or equivalently the 10D Planck mass Mio- 

We will be working in the ten-dimensional Einstein 
frame. Thus, the dilaton action is 



Srb — — 



XyJ—g 



AW- 



KV((j>) 



(26) 



d i x^g^V E - 



V 



d w x. 



-gb%v E , 



(20) 



where V(<p) is the dilaton potential discussed in the pre- 
vious section. In this section, we will assume that the 



6 



dilaton is fixed by hand and review how in this setup a 
gas of special string states will lead to radion stabiliza- 
tion. 

Treating the strings in the ideal gas approximation, 
the action for a string gas can be written by summing 
over the contributions to the gas from each string state, 
labelled below by a. The individual contribution is ob- 
tained from its number density p a (x, t) and energy e Q (t) 
in a hydrodynamic approximation: 



S. 



SG 



d W X, 



-9^2 ^ a e a 



(27) 



In the homogeneous approximation the densities are in- 
dependent of x. Thus, the spatial metric can be factored 
out of the number density via 



Pa = 



A*0,a(*) 



19s 



(28) 



where g s is the determinant of the spatial part of the 
metric. Thus, (|27|) becomes 



S S G = - I d w xy/^g^^2 po{t) a e a . (29) 

J a 

From the above, we can derive the components of the 
string gas energy-momentum tensor which will enter the 
cosmological equations of motion, namely the energy den- 
sity 



pa 



P0,a 2 

1 ^rv 



the pressure in our three dimensions 



Pa 



P0,a P d 
aV~9 3 



(30) 



(31) 



where pd is the momentum in our d = 3 large dimensions, 
and the pressure in the compact directions 



Pa 



-9<x' \b 2 a 



(32) 



In the above, we have focused on the contributions of a 
particular string state a with energy e Q 

e a = —j= [a'Pd + b~ 2 (n 7 n) + b 2 (w, w) 
V a' 

+2(n,w) + 4(N- 1)] 1/2 , (33) 

where ft and w are the momentum and winding number 
vectors in the internal space, p is the momentum in the 
non-compact space (indicated with subscripts d for the 
d large dimensions), and N is the oscillator level. The 
parentheses in the momentum and winding number terms 
on the right hand side of the above equation indicate 
scalar products in the internal space, with the modulus 
field 6(f) factored out. From now on, we assume that the 
internal space is isotropic, so that all b a = b. 



The Einstein equations for the metric (|23[) which fol- 
low from the above expressions for the energy-momentum 
tensor of the string gas composed of strings with fixed 
quantum numbers n a (momenta), w a (windings) and N 
(oscillator level) are 



6(3- 



a 1 
2 



(34) 



-f ~ w 2 fi 2 + -[b 2 (w, w) + (n, w) + 2(N - 1)] 



d(2- 



V 



V Gitr, 



(35) 



7 [b 2 (w,w) + (n,w) + 2{N- 1)] 



9a 



where G^ is the determinant of the metric without the 
/i'th diagonal element, the subscript a on the momentum 
and winding numbers n a and w a label the direction of the 
momentum and winding in the compact small dimensions 
and are to be summed over. 

For the special enhanced symmetry states discussed 
in the appendix, then, at the radius b at which the 
enhanced symmetry appears, the expression inside the 
square parentheses in (fM)) and (|33|) vanish, i.e., 



b 2 (w, w) + (n, w) + 2(N - 1) = . 



(36) 



Looking at the equation (f34|) for the radion, we see that 
the winding numbers lead to a force resisting expansion, 
the momentum numbers lead to a force resisting contrac- 
tion. There is a stable fixed point at which 



f -^6 2 = 0. 



(37) 



Moving on to the equation (f35|) for the scale factor of 
our three large spatial dimensions, we see that enhanced 
symmetry states at the distinguished value of the radion 
act as radiation from the effective four space-time dimen- 
sional point of view. 

As already stressed in [29], it follows from (f3"4"]) that 
unwound strings with n a = w a — at the oscillator level 
N = 1 do not contribute to the driving term of the equa- 
tion of motion for the compact dimensions. These states 
correspond to gravitons. In fact, any matter which is 
pressureless along the compact dimensions (such as ordi- 
nary matter) and satisfies the equation of state (p = p/'i) 
does not contribute to the driving term for the compact 
dimensions. 

We thus see that a string gas on an internal manifold 
which admits stable (or long-lived) winding modes au- 
tomatically leads to radion stabilization provided that 
the dilaton is held fixed. A similar dynamical analysis 
[HI shows that the shape moduli can also be stabilized. 
However, if the dilaton is free to move according to the 
background equations of motion for perturbative string 
theory, e.g. dilaton gravity, the dilaton is not stable and 
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runs off to a singularity [21], [37[ , with fixed string frame 
radion [28]. We will now show that if we include gaug- 
ino condensation, it is possible to fix simultaneously the 
dilaton and the radion. 



V. MODULI STABILIZATION WITH BOTH 
EFFECTS 



For enhanced symmetry states, then at the enhanced 
symmetry value for the radion 6, the expression in the 
second to last line of (|4"5)) vanishes, and the contributions 
from the pressure and energy density in the previous line 
cancel. Thus, if the dilaton sits at the minimum of its 
potential, i.e., 



(47) 



A. Combined equations of motion in 10D 

The energy-momentum tensor discussed in the pre- 
vious section was in terms of string frame quantititcs 
(which coincide with Einstein frame quantities if the dila- 
ton is fixed). In this section the dilaton is not fixed. We 
are working in the Einstein frame, and hence must con- 
vert the string frame quantities (subscript s) to Einstein 
frame quantities (subscript E) via the relations 



9% 



rpE 



= e -*/y 



e 2 ^T 



[lis • 



(38) 

(39) 
(40) 



The scalar products in the internal space used in 
and (|35[) also are modified according to 



6 2 {n,n) 
b 2 (w, w) 
(n,w) 



n ■ w . 



(41) 
(42) 
(43) 



The dilaton potential which arises from gaugino con- 
densation was derived in Section III and takes the form 



V~n ie -^' 2 (b 6 e-^ 2 -n 2 y 



(44) 



where the coefficient n% can be read off from (|22|) and 

n 2 = e-* . 



By varying the total action ([24]) with respect to <j>, 
one can derive the following equation of motion for the 
dilaton 



Mf 



(ia 2 ab 6 $ + 6a 3 6 5 60 + a 3 6 6 
+ ^n ia 3 b 6 e-^/ 2 (b 6 e-<t>/ 2 -n 2 y 
+ a 3 b 12 n ie -^ (b e e-^ 2 - n 2 ) 



1 



2e 
6/io 
0, 



a a 



(45) 



where the energy e of the string state is now given by 

-2^2 



-*/2ft-- n - 



a 



(46) 



— e* /2 6 2 w 2 + — [2n ■ w + A(N - 1)] 

a a 



1/2 



then the dilaton remains at rest. This value of the dilaton 
is a fixed point of the dilaton equation of motion. 

By inserting the energy-momentum tensor of both the 
dilaton and the string gas into the trace-reversed Einstein 
equations, the internal components of this equation yield 
the equation of motion for the radion, which reads 



b + 



d; b 2 

3-6 + 5— 

a b 



(48) 



nib 
'Wo' 

'Wo 



-30/2 / & 6 e -0/2 



b 7 e- 2 * b 6 e~^ 2 



n 2 



n 2 



106 



-30/2 (56 e -0/2 



Yin 



lu io 



6 6 e -0/2 



n 2 



87rG/io 



i 2 h- 2 e-^ 2 



n 2 



<jlb 2 e*l 2 



+ -(e 0/2 6 2 w 2 + n ■ w + 2(N - 1)) 
9 



If the dilaton sits at the bottom of its potential and the 
radion takes on the value given by (|47|) , then the right 
hand side of (|48p vanishes. This value of the radion is 
hence a fixed point of the radion equation. 

We have now seen that a fixed point of the dynamical 
system is achieved if the dilaton sits at the bottom of 
its potential and the radion takes on the enhanced sym- 
metry value (|47p . In the following, we will demonstrate 
that this fixed point is stable. This will then complete the 
demonstration that the joint action of gaugino condensa- 
tion and of a string gas consisting of enhanced symmetry 
states can stabilize both the dilaton and the radion. 

To demonstrate the stability of the above fixed point, 
we will linearize the equations of motion (|4"5|) and (j4"8|) 
about the fixed point and study their stability. After 
substituting 6 = 6o + 8b and <f> — 4>q + 5<p, where 6o 
and 0o form the fixed point solution, and keeping only 
linear terms in the fluctuation variables Sb and 5<j), the 
linearized dilaton takes the form 







(49) 



Ml 



10 p 30o/4 

e&fc-^/V - 4tt^^ 2 mo ) 5b 



+ 



Mf 



06 o 2 e-^/V + 



a 3 bla' \p d 

3 1 
\p d \a' a 3 b^ 



e 3 ^ 4 w 2 ii 
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and the linearized radion equation is 



The values for AD and BC are 



= 



j + 3-6 

k 



(50) 



9|Pd| / 
6j 3 e- 5 ^/ 2 7ir 



9 



4M« 



where 



"3 



(51) 



B. Stability analysis of the equations 

The linearized equations (|49[) and ([50)1 take the form 



6b + 3-6b + A5b + B5(f> = 
a 



(52) 



+ 3-5<f) + C5b + D54> = 0, (53) 
a 



where the coefficients A,B,C and -D can be read off from 
flU and PI) . 

To demonstrate the stability of the fixed point, we need 
to show that the eigenvalues of this system of differential 
equations are positive semidefinite. We can neglect the 
Hubble damping terms since their effect is to stabilize 
the dynamics rather than to destabilize it. Neglecting 
the Hubble damping terms, the system of equations is 
that of two coupled harmonic oscillators. To find the 
eigenvalues, we make the eigenfunction ansatz 



" 5b ' 




' Sb ' 




= e lut 


50 







(54) 



The eigenvalues lu are then given by 
1 



(D + A)± y/{D + A) 2 - A(AD - BC) 



(55) 

The conditions for stability are that the values for io 2 
are real and positive. The reality condition translates to 



(A - D) 2 + ABC > , 
and the positivity condition is 

(D + A) 2 > (D + A) 2 — 4(AD - BC) 
or, equivalently, 

AD > BC . 



(56) 



(57) 



(58) 



AD 



3& 24 e -5^o n 2 32bl 3 nm 3 w 2 



M 16 



BC = 



9\Pd\M? 

mb^e-^^mw 2 ^ 64e 13 *>/ 4 n 3 wVo 
+ 3a3\ Pd \ 2 a%Mf 
3fe 24 e -50o n 2 32^ 3 nin 3 u> 2 



(59) 



+ 



M 16 



3\ Pd \M? 

6 8 e -70 o /4 niW 2 Mo 64e 13 ^/ 4 n 3 wVo 



(60) 



a 3 \p d \a>M™ 



Za?\p d \ 2 a'blM- 



10 



By comparing the coefficients, it is trivial to see that the 
positivity condition ([58]) is satisfied. The reality condi- 
tion (|56p is automatically satisfied if BC is positive. For 
large /j,q, it follows by direct inspection that both B and C 
are positive, and hence the reality condition holds. If /io 
does not dominate the individual expressions for B and 
C, we can use another reasoning to argue that BC > 
and hence the reality condition is satisfied: it is again 
easy to see that both in the limit \pd\ — > oo and in the 
limit \pd\ — * 0, the expression BC is positive. 

To summarize, in this subsection we have shown, by 
considering the linear fluctuation equations, that the 
fixed point at which the dilaton sits in the minimum of 
its potential and the radion is at the enhanced symmetry 
value is stable. This demonstrates that both the radion 
and the dilaton can be simultaneously stabilized by the 
combined action of enhanced symmetry string states and 
gaugino condensation. 



C. Stability of KK states 

Now we must face one consequence of the orbifold 
compactification; strings with momentum and winding 
around the torus do not generally carry any conserved 
charge and are therefore free to decay. Semiclassically, 
we can think of the strings as "unwinding" around the 
fixed points of the orbifold. However, there are a few 
reasons that these decays are not a major concern. 

First, except in the case of a scalar decaying into two 
scalars, the dominant decay rate x ~ y ifrft (f° r some 
generic fields) goes as T < m, where m is the moduli- 
dependent mass of the %. (There are of course suppres- 
sions by powers of the string coupling.) In the linearized 
regime, this mass is very small, and we expect that the 
Hubble rate is faster. Since the radion settles at the en- 
hanced symmetry point in about a Hubble time, the spe- 
cial momentum- winding states do not have time to decay 
before they become massless. Also, because the effective 
theory on the orbifold has (spontaneously broken) super- 
symmetry, the potential is a sum of squares. If we try 
to generate a term x^^'j where ip and ip' are some mod- 
uli, we at the same time introduce a field-independent 
mass for at least one of the moduli fields. Since these 
moduli are unstabilized unless there is a background of 
X particles, these terms to not exist. 
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A more important reason is parametric resonance, as 
explained in [30, Uj] . As the radion passes near the en- 
hanced symmetry point, the \ particles become very light 
and are produced via parametric resonance. Therefore, 
even if the \ particles decay, they will be repopulated, 
which is an important point to remember about moduli 
stabilization by matter. 



VI. DISCUSSION AND CONCLUSIONS 

In this paper we have studied the compatibility of 
gaugino condensation (which arises in J\f = 1 string 
compactifications and leads to dilaton stabilization) and 
gases of enhanced symmetry string states (introduced in 
order to stabilize the radion). We consider the action 
of dilaton gravity coupled to a gas of heterotic strings 
treated in the ideal gas approximation, in a space-time in 
which the internal space is the toroidal orbifold T 6 /^. 
We added to this system the potential for the dilaton 
which emerges from gaugino condensation. This is a sim- 
ple but necessary check on the consistency of two types 
of moduli stabilization. 

We investigated the dynamical equations of motion for 
the dilaton and the radion which follow from the full 
action of the system and identified a stable fixed point 
which corresponds to the dilaton sitting at the minimum 
of its potential and the radion taking on the value at 
which the enhanced symmetry states are massless. The 
stability of this fixed point was demonstrated by study- 
ing the linearized equations of motion obtained by ex- 
panding about this fixed point and demonstrating that 
the solutions of these equations have damped oscillatory 
behavior. 

Our study demonstrates that dilaton stabilization via 
gaugino condensation and radion stabilization via en- 
hanced symmetry string states are compatible. Thus, we 
conclude that in Heterotic string theory (which admits 
enhanced symmetry states which are massless at the en- 
hanced symmetry point), the joint action of string gases 
and gaugino condensation provides a means to stabilize 
all of the string moduli, and thus provides an alternative 
to the usual flux stabilization scenarios. In fact, we have 
constructed an explicit compactification which can real- 
ize both of these mechanisms, the T 6 /^ orbifold, and 
which can also be modified to produce a semi-realistic 
low energy spectrum. 
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APPENDIX A: STRING SPECTRUM ON THE 
ORBIFOLD 

We now discuss the spectrum of the heterotic string on 
the T 6 /Z 3 orbifold, following [H for the Kaluza-Klein 
zero modes. 



1. KK zero modes 

The spectrum of perturbative string theory breaks into 
two sectors, twisted and untwisted. The untwisted sec- 
tor, with which we concern ourselves, is just the spectrum 
on the T 6 projected onto those states which are invari- 
ant under the Z3 transformation. To determine the be- 
havior of string states under the Z3, we should consider 
the transformation of the worldsheet fields. The bosonic 
worldsheet fields are just the target space coordinates, 
so they transform as in The superconformal ghost 
fields are inert under the orbifold transformation. 

The remaining worldsheet fields are fermionic. On the 
right-moving side of the string, there are three complex 
fermions tp, the superpartners of the Zs. By worldsheet 
supersymmetry, these transform in the same manner as 
the bosonic coordinates: 

V^ 2 ~ mA 1 ' 2 , V> 3 ^ a" 2 ^ 3 ■ (Al) 

The left-moving fermions are 16 complex fermions, which 
are responsible for the spacetime gauge group. These 
transform under the diagonal Z3 as 

A 1 ' 2 ~ aA 1 ' 2 , A 3 ~ «- 2 A 3 , A 4 '" 16 ~ A 4 - 16 . (A2) 

We reiterate that these transformations are dictated by 
our choice of behavior for the spacetime gauge symmetry 
under the orbifold projection. 

Each fermion can also take periodic or antiperiodic 
boundary conditions on the spatial worldsheet coordi- 
nate. The ip all have the same periodicity (the peri- 
odic sector is the "Ramond" sector, labeled i?, and the 
antiperiodic is "Neveu-Schwarz," labeled NS). In the 
E$ x .Eg string, the two sets of complex fermions A 1 , ... A 8 
and A 9 ,... A 16 have matching periodicities, leading to 
four sectors, labeled (as for the NS-NS 1 , R-NS', NS- 
R' , and R-R' . For our purposes, the reader should know 
that R sector fermions are integer moded, while NS sec- 
tor fermions are half-integer moded. For more details of 
the consistent construction of the spectrum, we refer the 
reader to [58| and other reviews. 

We can now list the states that are invariant under the 
orbifold projection, working at the massless level. Wc 
start with spacetime gauge singlets; the bosons are 

a^fc/alO) , aUJl 1/2 \0) , oL^^O) ■ (A3) 
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As usual, the a±™ are the mode operators for the world- 
sheet bosons. The first set of states includes the 4D gravi- 
ton, dilaton, and axion, and the other two sets give the 
internal components of the metric and 2-form. Notice 
that the internal metric is now required to be Hermitean, 
which restricts the moduli space somewhat. In addi- 
tion, the Kaluza-Klein graviphoton is projected out. The 
spacetime fermions are in the R sector, and the contribu- 
tion of the tp fermions enters only through their ground 
state, which transforms as a chiral spinor in 10D. These 
decompose into 4D spinors and either singlets or triplets 
under the SU (3) holonomy group; the fundamental and 
antifundamcntal have Z3 eigenvalues a and a 2 respec- 
tively. Therefore, the gauge singlet fermions are 

a^ 1 |s4,l) , a!_ 1 |s4,3) , and conjugates. (A4) 

Now we consider massless states charged under the 
gauge group. Before we impose the orbifold projection, 
it is useful to enumerate the possible states of the gauge 
theory. Since one E$ factor will be broken to SU(3) x E$ 
by the Z 3 projection, which is the center of the SU(3), 
we will classify the states by their representation under 
SU(3) x Eq x Eg. At the massless level, we need only 
consider the NS-NS', R-NS', and NS-R' sectors, since 
the R-R' sector has a positive mass already in the ground 
state. In fact, to make a complete representation of £g, 
it takes half of the NS-NS' states and all of either the 
R-NS' or NS-R' states. Under SU(S) x E 6 x E s , we 
have the adjoints 

|8,1,1) , 11,78,1) , |1,1,248> , (A5) 

which are invariant under Z3, and the conjugate pair 



13,27,1) and 13,271) 



(A6) 



which have Z3 eigenvalues a and a 2 respectively. Again, 
these eigenvalues follow because our Z3 is the center of 
the SU(3) factor. 

With these results, we can assemble Z3 invariant states 
simply. The surviving massless bosons are 

V^ 1/2 |adj) , #_ 1/2 |3,27"l) , C 1/2 |3,27,l) . (A7) 

Here, adj contains the adjoints of all the gauge factors. 
The spacetime vectors are the gauge bosons for the re- 
maining gauge group, and the scalars in the latter two 
states are given by components A m of the 10D gauge 
field. The massless fermions on the orbifold are 



|s 4 ,l;adj) , |« 4) 3; 3,27,1) 



(A8) 



and their conjugates. These are the gaugini and chiral 
fermions. 

Finally, we should note that we have considered only 
the untwisted sector of the T 6 /Z3 spectrum. There is 
an additional "twisted sector" of string states localized 
around each of the 27 fixed points of the orbifold. How- 
ever, these states are unimportant for our concerns, so 
we do not discuss them here. We refer the reader to, for 
example, [58[ for a review of the twisted sectors. 



2. Kaluza-Klein spectrum 

Now we turn to the (KK) momentum and winding 
spectrum. Our main interest will be to prove that strings 
carrying KK momentum and winding can become mass- 
less at special values of the radius. Because we have 
chosen a factorized torus, we can consider the states of a 
single T 2 at a time. 

The first thing we need to know is the quantization 
of the winding and momentum. Winding is a vector w z , 
w z , which we denote w,w. It is simply quantized in units 
of the torus periodicity, so the shortest units of winding 
are w — l,a (with length 1). An odd feature of the 
torus is that w = a 2 = — 1 — a also has unit length, so 
we can think of winding as being quantized in units of 
w = l,a,a 2 . Momentum is somewhat trickier. Writing 
n z = n, rig — n, we require that (nZ + nZ)j\fa! shift 
by an integer multiple of 27r when Z — > Z + 2n^/a' and 
when Z — > Z + 2ita^/~a' ' . With a little work, it is possible 
to see that the minimum-length momenta are n — a = 
(1 — i/v3)/2, n = a 2 a = a ■ a, and n — aa = a 2 ■ a. In 
the latter two momenta, the = signs designate the fact 
that n is a covector, so a single Z3 rotation by a of the 
coordinates rotates n by oT x — a 2 . 

Using the Z 3 transformation of momentum and wind- 
ing given above, we see that the KK Z 3 eigenstates are 
quantum superpositions 



(I 



n, w) + a k \a 2 n, aw) 



) +a 2k \an,a 2 w)) (A9) 



for k = 0,1,2 with eigenvalue a 2k (ignoring normaliza- 
tion). 

Let us now consider the masses associated with KK 
momentum and winding. The general formula in complex 
coordinates is 

to 2 = ^g l i (n t + B fk w k ±g fk w y 

x (% + Bjiw 1 ± g 3 iw l ) H , (A10) 

where • • • represents the contribution from oscillators, 
which depends on the fermion periodicity (R vs NS). 
The ± sign is positive for the left-moving side of the 
string and negative for the right-moving side. Taking 
the orbifold to factorize into three T 2 /^ orbifolds with 
diagonal metric and B-field, we find 



2 ^ 7.-2 

rn = — b 
cr 



1 1 2 _ 

n + i—pw ± —0 w 



(AH) 



Here we treat n and w as three- vectors, but, to start, 
we will limit ourselves to momentum and winding on a 
single T 2 factor. 

In the NS-NS'-NS sector, the mass is given by 



4 
n 7 

4 
a 7 



i0) 



+ -(b 2 + ip) 



+ (N-1) 



(A12) 
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Here N and N are the left- and right-moving oscillator 
excitation number of the string; N must be integer, but 
N > may be half-integer. Note that the second equality 
implies the "level-matching" constraint 



n-w + n- w — N+ — — N 



(A13) 



It is clear that these states are massive for generic values 
of the moduli b, (3. However, at special points in moduli 
space, some KK excitations can become massless. For 
example, at b = 1,(3 — l/v 7 ^, we can take n = ±d<, 
w = ±1, N = 0, and N = 1/2 to get the massless states 

Tptijz (|d, 1) + \a 2 a, a) + \aa, a 2 )) 
$-1/2 (1^' 1) + a l Q;2 Q ; 7 a ) + a 2 |aa, a 2 )) 
$-1/2 !) + ct 2 \a 2 a, a) + a\aa, a 2 }) (A14) 



(and states with n,w — ► —n,w). By supersymmetry, 
there are also massless states in the NS-NS'-R sector at 
6=1: 

|s4, 1) ® (|d, 1) -I- \a 2 a, a) + \aa, a 2 )) 
|s4, 1) <8> (|a, 1) + |a 2 d, a) + |aa, a 2 )) 
|s4, 3) (g> (|a, 1) + a\a 2 a, a) + a 2 \aa, a 2 )) 
|s 4 ,3) (g) (|a, 1) + a 2 |a 2 d,a) + a\aa, a 2 )) .(A15) 

Near the enhanced symmetry point (6 = 1 + 5b, {3 = 
1/V3), these states have m 2 = 46b 2 /a'. 

In fact, the states (|A14|A15|) are all the possible ex- 
tra massless states in this sector (because consistency of 
the string theory requires N > 1 /2), up to some permuta- 
tions. Taking n = a 2 a and w = aor act and a 2 would be 
acceptable, but these are identical to the states we have 
already presented by the orbifold projection. Therefore, 
they are not distinct physical states. The only way to get 
distinct physical states is to note that we really have three 
T 2 factors, so n and w are complex 3-vectors. The mass 
(|A12[) and level-matching condition (|A13[) still apply as 
written. However, getting n-w + n-w = 1 still requires all 
the momentum and winding to lie on the same T 2 factor. 
Therefore, we get six copies of the states (|A14IA15[) . two 
for each T 2 factor. Because of the extra vector particles, 
the spacetime gauge group gets an extra factor of U(l) 2 



for each T 2 factor. Hence, T = 1 + i/V3 is called an 
"enhanced symmetry point" of the compactification. 

We can actually see that the other sectors do not have 
masseless states at T = 1 + The R-R' sector is 

already massive in the ground state, so it can have no 
massless states. Furthermore, the NS-R'-NS and R- 
NS'-NS states have mass-shell relations 



rn 



4 
a 7 



n — — {b 2 — i0) w 



+ 2 (b 2 +i0) 



N ■ 



■ N 



with level-matching condition 



n-w + n- w^N — — — N 



(A16) 



(A17) 



The only possibility for extra massless states with N > 
is to take N =1/2 and N = 0. However, we clearly see 
then that n = w = 0. Therefore, we have listed all the 
possible extra states at the enhanced symmetry point. 

Let us also address a concern raised in [2§|. The au- 
thors of [29[ studied the bosonic string and found states 
with masses m 2 oc 5b for b = l+5b in addition to the type 
of states we have found. These strings become tachyonic 
for some values of the radius, and their absence in our 
case is related to supersymmetry. In particular, we are 
required to take N > 1/2 to formulate a consistent super- 
symmetric string theory, and it is precisely this condition 
that has limited our possibilities so much. 

For later reference, let us rewrite the mass formula 
(|A42[) for the special string states in terms of 10D Ein- 
stein frame variables. The 10D metrics are related by the 
transformation 



e =e -H2 g s 

Jinn jmn ' 



(A18) 



where is the 10D dilaton. (and similarly for the external 
components). This transformation law means that we 
should replace b — > e^/ 4 6 to get the mass formula 



L[e-4>/%-i- e H%y 



(A19) 



We will use this version from now on. 
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